Introduction {#Sec1}
============

There are many literature works concerning the convergence rates in the Marcinkiewicz-Zygmund law of large numbers. One can refer to Alf \[[@CR2]\], Alsmeyer \[[@CR3]\], Baum and Katz \[[@CR1]\], Heyde and Rohatgi \[[@CR4]\], Hu and Weber \[[@CR5]\], Rohatgi \[[@CR6]\], and so on.

Baum and Katz \[[@CR1]\] obtained the following convergence rates in the Marcinkiewicz-Zygmund law of large numbers.
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Theorem 1.3 {#FPar3}
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The above theorem shows a convergence rate in the Marcinkiewicz-Zygmund weak law of large numbers with the norming sequence $\documentclass[12pt]{minimal}
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In this paper, we extend Theorem [1.1](#FPar1){ref-type="sec"} to the long-range dependent linear processes. As a corollary, we obtain a long-range dependent setting of Theorem [1.2](#FPar2){ref-type="sec"}. Further, we propose a method to estimate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$W_{n}(t)$\end{document}$ for the long-range dependent case.
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Convergence of long-range dependent linear processes {#Sec2}
====================================================

In this section, we extend Theorem [1.1](#FPar1){ref-type="sec"} to the long-range dependent linear processes. To prove the main results, we need the following lemmas. The first one is the von Bahr-Esseen inequality (see von Bahr and Esseen \[[@CR16]\]). The second is known as Fuk-Nagaev inequality (see Corollary 1.8 in Nagaev \[[@CR17]\]).
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                \begin{document}$$P \Biggl( \Biggl\vert \sum^{n}_{i=1} \zeta_{i} \Biggr\vert >x \Biggr)\le(1+2/t)^{t} x^{-t}\sum^{n}_{i=1}E \vert \zeta_{i} \vert ^{t}+2\exp \biggl\{ -\frac{2x^{2}}{(t+2)^{2} e^{t} \sum^{n}_{i=1} \operatorname{Var}(\zeta_{i})} \biggr\} . $$\end{document}$$

The following lemma is well known and can be easily proved by using a standard method.

Lemma 2.3 {#FPar6}
---------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$p>0$\end{document}$ *and* *ζ* *be a random variable*. *Then the following statements hold*. (i)*If* $\documentclass[12pt]{minimal}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum_{n=1}^{\infty}n^{-\theta/p} E \vert \zeta \vert ^{\theta}I( \vert \zeta \vert >n^{1/p})\le CE \vert \zeta \vert ^{p}$\end{document}$.(ii)*If* $\documentclass[12pt]{minimal}
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                \begin{document}$\sum_{n=1}^{\infty}n^{-q/p} E \vert \zeta \vert ^{q} I( \vert \zeta \vert \le n^{1/p})\le CE \vert \zeta \vert ^{p}$\end{document}$.(iii)*If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$\sum_{n=1}^{\infty}n^{r-2} E \vert \zeta \vert ^{p}I( \vert \zeta \vert >n^{1/p})\le CE \vert \zeta \vert ^{rp}$\end{document}$.(iv)*If* $\documentclass[12pt]{minimal}
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                \begin{document}$\sum_{n=1}^{\infty}n^{r-1-q/p} E \vert \zeta \vert ^{q}I( \vert \zeta \vert \le n^{1/p})\le CE \vert \zeta \vert ^{rp}$\end{document}$.

The following lemma is useful to estimate $\documentclass[12pt]{minimal}
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                \begin{document}$\{ a_{i}, i \in\Bbb {Z}\}$\end{document}$ is absolutely summable. However, it is not applicable to the long-range dependent case.

Lemma 2.4 {#FPar7}
---------

Burton and Dehling \[[@CR15]\]
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We now state and prove our main results. The first theorem treats the case $\documentclass[12pt]{minimal}
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Theorem 2.1 {#FPar8}
-----------
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                \begin{document}$$W_{n}(q)/W_{n}(p)=O\bigl(n^{1/q-1/p}\bigr)\quad \textit{for some }q \in(rp, 2). $$\end{document}$$*If* $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \begin{document}$$\sum^{\infty}_{n=1}n^{r-2}P\Biggl( \Biggl\vert \sum^{n}_{k=1}X_{k} \Biggr\vert >W_{n}(p)\varepsilon\Biggr)< \infty \quad\textit{for all } \varepsilon>0. $$\end{document}$$

Proof {#FPar9}
-----
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                \begin{document} $$\begin{aligned} \sum^{n}_{k=1}X_{k} ={}&\sum ^{\infty}_{i=-\infty}\sum^{n}_{k=1}a_{i+k} \zeta_{i} =\sum^{\infty}_{i=-\infty} \omega_{ni}\zeta_{i} \\ ={}&\sum^{\infty}_{i=-\infty}\omega_{ni} \bigl[\zeta_{i} I\bigl( \vert \zeta_{i} \vert >n^{1/p}\bigr)-E\zeta _{i} I\bigl( \vert \zeta_{i} \vert >n^{1/p}\bigr)\bigr] \\ &{} +\sum^{\infty}_{i=-\infty}\omega_{ni} \bigl[\zeta_{i} I\bigl( \vert \zeta_{i} \vert \leq n^{1/p}\bigr)-E\zeta_{i} I\bigl( \vert \zeta_{i} \vert \leq n^{1/p}\bigr)\bigr] \\ :={}&S_{n}'+S_{n}'' \end{aligned}$$ \end{document}$$ and hence, $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\sum^{\infty}_{n=1}n^{r-2}P\Biggl( \Biggl\vert \sum^{n}_{k=1}X_{k} \Biggr\vert >W_{n}(p)\varepsilon\Biggr) \\ &\quad\leq\sum^{\infty}_{n=1}n^{r-2}P\bigl( \bigl\vert S_{n}' \bigr\vert >W_{n}(p) \varepsilon/2\bigr) +\sum^{\infty}_{n=1}n^{r-2}P \bigl( \bigl\vert S_{n}'' \bigr\vert >W_{n}(p)\varepsilon/2\bigr). \end{aligned}$$ \end{document}$$ By the Markov inequality, Lemmas [2.1](#FPar4){ref-type="sec"} and [2.3](#FPar6){ref-type="sec"}, we have $$\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \sum^{\infty}_{n=1}n^{r-2}P\bigl( \bigl\vert S_{n}' \bigr\vert >W_{n}(p) \varepsilon/2\bigr) &\leq\sum^{\infty}_{n=1}n^{r-2} \frac{2^{p}E \vert S_{n}' \vert ^{p}}{\varepsilon^{p} W^{p}_{n}(p)} \\ &\leq C\sum^{\infty}_{n=1}n^{r-2} \frac{\sum^{\infty}_{i=-\infty} \vert \omega _{ni} \vert ^{p} E \vert \zeta_{0} \vert ^{p}I( \vert \zeta_{0} \vert >n^{1/p})}{\sum^{\infty}_{i=-\infty } \vert \omega_{ni} \vert ^{p}} \\ &=C\sum^{\infty}_{n=1}n^{r-2}E \vert \zeta_{0} \vert ^{p}I\bigl( \vert \zeta_{0} \vert >n^{1/p}\bigr) \\ &\leq CE \vert \zeta_{0} \vert ^{rp}< \infty. \end{aligned}$$ \end{document}$$ Thus the first series on the right-hand side of ([2.1](#Equ4){ref-type=""}) converges.

Similarly, by the Markov inequality, Lemmas [2.1](#FPar4){ref-type="sec"} and [2.3](#FPar6){ref-type="sec"}, we have $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \sum^{\infty}_{n=1}n^{r-2}P\bigl( \bigl\vert S_{n}'' \bigr\vert >W_{n}(p)\varepsilon/2\bigr) &\leq\sum^{\infty}_{n=1}n^{r-2} \frac{2^{q}E \vert S_{n}'' \vert ^{q}}{\varepsilon^{q} W^{q}_{n}(p)} \\ &\leq C\sum^{\infty}_{n=1}n^{r-2} \frac{\sum^{\infty}_{i=-\infty} \vert \omega _{ni} \vert ^{q} E \vert \zeta_{0} \vert ^{q}I( \vert \zeta_{0} \vert \leq n^{1/p})}{W^{q}_{n}(p)} \\ &=C\sum^{\infty}_{n=1}n^{r-2} \biggl( \frac{W_{n}(q)}{W_{n}(p)} \biggr)^{q} E \vert \zeta _{0} \vert ^{q}I\bigl( \vert \zeta_{0} \vert \leq n^{1/p} \bigr) \\ &\leq C\sum^{\infty}_{n=1}n^{r-2} \bigl(n^{1/q-1/p}\bigr)^{q} E \vert \zeta_{0} \vert ^{q}I\bigl( \vert \zeta _{0} \vert \leq n^{1/p} \bigr) \\ &=C\sum^{\infty}_{n=1}n^{r-1-q/p} E \vert \zeta_{0} \vert ^{q}I\bigl( \vert \zeta_{0} \vert \leq n^{1/p}\bigr) \\ &\leq CE \vert \zeta_{0} \vert ^{rp}< \infty. \end{aligned}$$ \end{document}$$ Hence the second series on the right-hand side of ([2.1](#Equ4){ref-type=""}) also converges.

\(2\) For each $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \sum^{n}_{k=1}X_{k} ={}&\sum ^{\infty}_{i=-\infty}\sum^{n}_{k=1}a_{i+k} \zeta_{i} =\sum^{\infty}_{i=-\infty} \omega_{ni}\zeta_{i} \\ ={}&\sum^{\infty}_{i=-\infty}\bigl[ \omega_{ni}\zeta_{i} I\bigl( \vert \omega_{ni} \zeta _{i} \vert >W_{n}(p)\bigr)-E\omega_{ni} \zeta_{i} I\bigl( \vert \omega_{ni}\zeta_{i} \vert >W_{n}(p)\bigr)\bigr] \\ &{} +\sum^{\infty}_{i=-\infty}\bigl[ \omega_{ni}\zeta_{i} I\bigl( \vert \omega_{ni} \zeta _{i} \vert \leq W_{n}(p)\bigr)-E\omega_{ni} \zeta_{i} I\bigl( \vert \omega_{ni}\zeta_{i} \vert \leq W_{n}(p)\bigr)\bigr] \\ :={}&T_{n}'+T_{n}'' \end{aligned}$$ \end{document}$$ and hence, $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document} $$\begin{aligned} &\sum^{\infty}_{n=1}n^{r-2}P\Biggl( \Biggl\vert \sum^{n}_{k=1}X_{k} \Biggr\vert >W_{n}(p)\varepsilon\Biggr) \\ &\quad\leq\sum^{\infty}_{n=1}n^{r-2}P\bigl( \bigl\vert T_{n}' \bigr\vert >W_{n}(p) \varepsilon/2\bigr) +\sum^{\infty}_{n=1}n^{r-2}P \bigl( \bigl\vert T_{n}'' \bigr\vert >W_{n}(p)\varepsilon/2\bigr). \end{aligned}$$ \end{document}$$

By the Markov inequality, Lemmas [2.1](#FPar4){ref-type="sec"} and [2.3](#FPar6){ref-type="sec"}, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\sum^{\infty}_{n=1}n^{r-2}P\bigl( \bigl\vert T_{n}' \bigr\vert >W_{n}(p) \varepsilon/2\bigr) \\ &\quad\leq\sum^{\infty}_{n=1}n^{r-2} \frac{2^{p}E \vert T_{n}' \vert ^{p}}{\varepsilon^{p} W^{p}_{n}(p)} \\ &\quad\leq C\sum^{\infty}_{n=1}n^{r-2} \frac{\sum^{\infty}_{i=-\infty}E \vert \omega _{ni}\zeta_{i} \vert ^{p} I( \vert \omega_{ni}\zeta_{i} \vert > W_{n}(p))}{W^{p}_{n}(p)} \\ &\quad=C\sum^{\infty}_{n=1}n^{r-2} \frac{\sum^{\infty}_{i=-\infty}E \vert \omega _{ni}\zeta_{i} \vert ^{p} I( \vert \omega_{ni}\zeta_{i} \vert > W_{n}(p), \vert \zeta _{i} \vert >n^{1/p})}{W^{p}_{n}(p)} \\ &\qquad{} +C\sum^{\infty}_{n=1}n^{r-2} \frac{\sum^{\infty}_{i=-\infty}E \vert \omega _{ni}\zeta_{i} \vert ^{p} I( \vert \omega_{ni}\zeta_{i} \vert > W_{n}(p), \vert \zeta_{i} \vert \leq n^{1/p})}{W^{p}_{n}(p)} \\ &\quad\leq C\sum^{\infty}_{n=1}n^{r-2} \frac{\sum^{\infty}_{i=-\infty} \vert \omega _{ni} \vert ^{p}E \vert \zeta_{i} \vert ^{p} I( \vert \zeta_{i} \vert >n^{1/p})}{W^{p}_{n}(p)} \\ &\qquad{}+C\sum^{\infty}_{n=1}n^{r-2} \frac{\sum^{\infty}_{i=-\infty }E[ \vert \omega_{ni}\zeta_{i} \vert ^{p-q} \vert \omega_{ni}\zeta_{i} \vert ^{q} I( \vert \omega_{ni}\zeta _{i} \vert > W_{n}(p), \vert \zeta_{i} \vert \leq n^{1/p})]}{W^{p}_{n}(p)} \\ &\quad\leq C\sum^{\infty}_{n=1}n^{r-2} \frac{\sum^{\infty}_{i=-\infty} \vert \omega _{ni} \vert ^{p}E \vert \zeta_{0} \vert ^{p} I( \vert \zeta_{0} \vert >n^{1/p})}{W^{p}_{n}(p)} \\ &\qquad{}+C\sum^{\infty}_{n=1}n^{r-2} \frac{(W_{n}(p))^{p-q}\sum^{\infty}_{i=-\infty} \vert \omega_{ni} \vert ^{q} E \vert \zeta_{0} \vert ^{q} I( \vert \zeta_{0} \vert \leq n^{1/p})}{W^{p}_{n}(p)} \\ &\quad=C\sum^{\infty}_{n=1}n^{r-2}E \vert \zeta_{0} \vert ^{p} I\bigl( \vert \zeta_{0} \vert >n^{1/p}\bigr) \\ &\qquad{}+C\sum^{\infty}_{n=1}n^{r-2} \biggl( \frac{W_{n}(q)}{W_{n}(p)} \biggr)^{q} E \vert \zeta_{0} \vert ^{q}I\bigl( \vert \zeta_{0} \vert \leq n^{1/p} \bigr) \\ &\quad\leq C\sum^{\infty}_{n=1}n^{r-2}E \vert \zeta_{0} \vert ^{p} I\bigl( \vert \zeta_{0} \vert >n^{1/p}\bigr) +C\sum ^{\infty}_{n=1}n^{r-1-q/p}E \vert \zeta_{0} \vert ^{q}I\bigl( \vert \zeta_{0} \vert \leq n^{1/p}\bigr) \\ &\quad\leq CE \vert \zeta_{0} \vert ^{rp}< \infty. \end{aligned}$$ \end{document}$$ Thus the first series on the right-hand side of ([2.2](#Equ5){ref-type=""}) converges.

We next prove that the second series on the right-hand side of ([2.2](#Equ5){ref-type=""}) converges. We have by Lemma [2.2](#FPar5){ref-type="sec"} that for $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\sum^{\infty}_{n=1}n^{r-2}P\bigl( \bigl\vert T_{n}'' \bigr\vert >W_{n}(p)\varepsilon/2\bigr) \\ &\quad\leq C\sum^{\infty}_{n=1}n^{r-2} \frac{\sum^{\infty}_{i=-\infty}E \vert \omega _{ni}\zeta_{i} \vert ^{t} I( \vert \omega_{ni}\zeta_{i} \vert \leq W_{n}(p))}{W^{t}_{n}(p)} \\ & \qquad{}+C\sum^{\infty}_{n=1}n^{r-2}\exp \biggl\{ -\frac{\varepsilon^{2} W_{n}^{2}(p)}{2(t+2)^{2} e^{t} \sum_{i=-\infty}^{\infty}\operatorname{Var}( \omega_{ni}\zeta _{i}I( \vert \omega_{ni}\zeta_{i} \vert \le W_{n}(p)))} \biggr\} . \end{aligned}$$ \end{document}$$ Hence it is enough to show that two series on the right-hand side of ([2.3](#Equ6){ref-type=""}) converge.

If we take $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\sum^{\infty}_{n=1}n^{r-2} \frac{\sum^{\infty}_{i=-\infty}E \vert \omega_{ni}\zeta _{i} \vert ^{t} I( \vert \omega_{ni}\zeta_{i} \vert \leq W_{n}(p))}{W^{t}_{n}(p)} \\ &\quad=\sum^{\infty}_{n=1}n^{r-2} \frac{\sum^{\infty}_{i=-\infty}E \vert \omega _{ni}\zeta_{i} \vert ^{t} I( \vert \omega_{ni}\zeta_{i} \vert \leq W_{n}(p), \vert \zeta _{i} \vert >n^{1/p})}{W^{t}_{n}(p)} \\ &\qquad{} +\sum^{\infty}_{n=1}n^{r-2} \frac{\sum^{\infty}_{i=-\infty}E \vert \omega _{ni}\zeta_{i} \vert ^{t} I( \vert \omega_{ni}\zeta_{i} \vert \leq W_{n}(p), \vert \zeta_{i} \vert \leq n^{1/p})}{W^{t}_{n}(p)} \\ &\quad=\sum^{\infty}_{n=1}n^{r-2} \frac{\sum^{\infty}_{i=-\infty}E[ \vert \omega _{ni}\zeta_{i} \vert ^{t-p} \vert \omega_{ni}\zeta_{i} \vert ^{p} I( \vert \omega_{ni}\zeta_{i} \vert \leq W_{n}(p), \vert \zeta_{i} \vert >n^{1/p})]}{W^{t}_{n}(p)} \\ & \qquad{}+\sum^{\infty}_{n=1}n^{r-2} \frac{\sum^{\infty}_{i=-\infty}E[ \vert \omega _{ni}\zeta_{i} \vert ^{t-q} \vert \omega_{ni}\zeta_{i} \vert ^{q} I( \vert \omega_{ni}\zeta_{i} \vert \leq W_{n}(p), \vert \zeta_{i} \vert \leq n^{1/p})]}{W^{t}_{n}(p)} \\ &\quad\leq\sum^{\infty}_{n=1}n^{r-2} \frac{(W_{n}(p))^{t-p}\sum^{\infty}_{i=-\infty } \vert \omega_{ni} \vert ^{p}E \vert \zeta_{0} \vert ^{p} I( \vert \zeta_{0} \vert >n^{1/p})}{W^{t}_{n}(p)} \\ &\qquad{} +\sum^{\infty}_{n=1}n^{r-2} \frac{(W_{n}(p))^{t-q}\sum^{\infty}_{i=-\infty} \vert \omega_{ni} \vert ^{q}E \vert \zeta_{0} \vert ^{q} I( \vert \zeta_{0} \vert \leq n^{1/p})}{W^{t}_{n}(p)} \\ &\quad=\sum^{\infty}_{n=1}n^{r-2}E \vert \zeta_{0} \vert ^{p} I\bigl( \vert \zeta_{0} \vert >n^{1/p}\bigr) +\sum^{\infty}_{n=1}n^{r-2} \biggl(\frac{W_{n}(q)}{W_{n}(p)} \biggr)^{q} E \vert \zeta _{0} \vert ^{q}I\bigl( \vert \zeta_{0} \vert \leq n^{1/p}\bigr) \\ &\quad\leq\sum^{\infty}_{n=1}n^{r-2}E \vert \zeta_{0} \vert ^{p} I\bigl( \vert \zeta_{0} \vert >n^{1/p}\bigr) +\sum ^{\infty}_{n=1}n^{r-1-q/p} E \vert \zeta_{0} \vert ^{q}I\bigl( \vert \zeta_{0} \vert \leq n^{1/p}\bigr) \\ &\quad\leq C E \vert \zeta_{0} \vert ^{rp}< \infty. \end{aligned}$$ \end{document}$$ Hence the first series on the right-hand side of ([2.3](#Equ6){ref-type=""}) converges.

Finally, we show that the second series on the right-hand side of ([2.3](#Equ6){ref-type=""}) converges. Since $\documentclass[12pt]{minimal}
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Proof {#FPar11}
-----

The proof is similar to that of Theorem [2.1](#FPar8){ref-type="sec"}(1). We proceed with two cases $\documentclass[12pt]{minimal}
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The following corollary extends Theorem [1.1](#FPar1){ref-type="sec"} to the short-range dependent linear processes.

Corollary 2.1 {#FPar12}
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Proof {#FPar13}
-----

We first note that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum_{i=-\infty}^{\infty} \vert a_{i} \vert ^{p}\le \Biggl(\sum_{i=-\infty}^{\infty} \vert a_{i} \vert \Biggr)^{p}< \infty. $$\end{document}$$ If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1< p<2$\end{document}$, then we take *θ* such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1\leq\theta< p$\end{document}$. Then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum_{i=-\infty}^{\infty} \vert a_{i} \vert ^{\theta}\le \Biggl(\sum_{i=-\infty}^{\infty} \vert a_{i} \vert \Biggr)^{\theta}< \infty. $$\end{document}$$ By Lemma [2.4](#FPar7){ref-type="sec"}, for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t>0$\end{document}$, there exist positive constants $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C_{1}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C_{2}$\end{document}$ independent of *n* such that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{1} n^{1/t} \le W_{n}(t) \le C_{2} n^{1/t} \quad\text{for all $n\ge1$.} $$\end{document}$$ Then all conditions on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$W_{n}(\cdot)$\end{document}$ in Theorems [2.1](#FPar8){ref-type="sec"} and [2.2](#FPar10){ref-type="sec"} are easily satisfied. Hence the proof follows from Theorems [2.1](#FPar8){ref-type="sec"} and [2.2](#FPar10){ref-type="sec"}. □

Remark 2.1 {#FPar14}
----------

In Corollary [2.1](#FPar12){ref-type="sec"}, the case $\documentclass[12pt]{minimal}
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===========================================================================================
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Lemma 3.1 {#FPar15}
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Proof {#FPar16}
-----
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                \begin{document} $$\begin{aligned} W_{n}^{t}(t) &=\sum_{i=1}^{n-1} \Biggl(\sum_{j=1}^{i} a_{j} \Biggr)^{t}+ \sum_{i=1}^{\infty}\Biggl( \sum_{j=0}^{n-1} a_{i+j} \Biggr)^{t} \\ &\geq\sum_{i=[n/2]}^{n-1} \Biggl(\sum _{j=1}^{i} a_{j} \Biggr)^{t}+ n^{t}\sum_{i=n}^{\infty}a_{i}^{t} \\ &\geq\frac{n}{2} (a_{1}+\cdots+a_{[n/2]} )^{t}+n^{t}\sum_{i=n}^{\infty}a_{i}^{t}. \end{aligned}$$ \end{document}$$ Thus the proof is completed. □

The following lemma can be found in Martikainen \[[@CR19]\].

Lemma 3.2 {#FPar17}
---------

Martikainen \[[@CR19]\]
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                \begin{document}$$\sum_{i=n}^{\infty}\frac{1}{ib_{i}}=O \bigl(b_{n}^{-1}\bigr)\quad \Longleftrightarrow \quad\liminf _{n\to\infty} \frac{b_{rn}}{b_{n}}>1\quad \textit{for some integer }r\ge2. $$\end{document}$$

Similarly, we can obtain a counterpart of Lemma [3.2](#FPar17){ref-type="sec"}.

Lemma 3.3 {#FPar18}
---------
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Proof {#FPar19}
-----

The proof is similar to that of Lemma [3.2](#FPar17){ref-type="sec"} and is omitted. □

Using Lemmas [3.2](#FPar17){ref-type="sec"} and [3.3](#FPar18){ref-type="sec"}, we have the following lemma.

Lemma 3.4 {#FPar20}
---------
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Proof {#FPar21}
-----

The proof of (i) follows from Lemma [3.2](#FPar17){ref-type="sec"}. The proof of (ii) follows from Lemma [3.3](#FPar18){ref-type="sec"}. □

Now we present a method to estimate $\documentclass[12pt]{minimal}
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                \begin{document}$W_{n}(t)$\end{document}$ for the long-range dependent case.

Theorem 3.1 {#FPar22}
-----------
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Proof {#FPar23}
-----
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                \begin{document}$$n (a_{1}+\cdots+a_{[n/2]} )^{t} \geq n [n/2]^{t}a_{[n/2]}^{t}\geq n [n/2]^{t}a_{n}^{t}. $$\end{document}$$ Hence the lower bound follows from Lemma [3.1](#FPar15){ref-type="sec"}. □

Finally, we give two long-range dependent linear processes.

Example 3.1 {#FPar24}
-----------
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Example 3.2 {#FPar25}
-----------
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